PE CUONG ON THI MON TOAN CAO CAP

PHAN I:  GIAI TiCH HAM MOT BIEN
CHUONG 1: GIO1 HAN VA LIEN TUC HAM SO

GIO1 HAN CUA HAM SO

Vai gidi han co ban

) 1 ) P
lim =0 (a>0) lim ™ X_0 (a>0,peN)
X—>+00 X X—>+o0 X
i 1 )
lim (1+=)"=e lim (1—1)":}
X—>+00 X—>+00 €

1
i - . x P
lim (1+x)X=e lim —-=0(peN)
x—0 X—>+o0 €
) sinx ) tan x
lim —=1 lim ——=1
Xx—0 X Xx—0 X
) arcsinx
lim ~1 lim &rctenx_,
x—0 X Xx—0 X
.eX - _ X
lim =1 lim =Ina
x—0 X x—0 X

(04

lim le lim M:a
x—0 X x—0 X

Cac dang vo dinh va phwong phap khir
Ta c6 7 dang vo dinh : %;2;00 — 0;0.00;0%;1%; 00?
Cac phuong phap khir dang vo dinh:
- Nhan, chia cho biéu thirc lién hop.
- Chia ttr, mau cho cung mot biéu thirc khac khong.
- Bién d6i lam xuat hién cac gi6i han dic biét.
- Ap dung cac tinh chét cua gidi han ciia ham sd.
- Str dung cac vo cung bé tuong duong.
- Str dung quy tic L’Hospital.
Vi du 3. Tinh cac gidi han sau day



a) |im Y1*+2x -3 b) Iim (\/x2+8x+3—\/x2—4x+10j

X—4 \/_ -2 X—>+00
C) lim \/COSX—\/COSX
X—0 sm X
HD
) jim Jeosx —3/cosx _ («/cos 1)+(1 Yeosx) _ 1
x—0 sin’ x fim, sin’ x 12
Vi du 2. Tinh cac gidi han sau day
2 K—7 —
a) lim X +4x-5 b) |imX*—=—*< 2
x—1 x2-1 x—6 X—
V6 —x-1
¢) lim d) lim ———
)x—>53—\/4+x ) x—>0x/X+ -1
Vi du 3. Tinh cac gidi han sau day
; 2 2 sin4x —sin 2x
a) XILTOO(\/X +1_\/X _l) b) )|<_>osm6x sin8x

Vi du 4. Tinh cac gidi han sau day

3x+4 4x-3
i X+2 i 2Xx+3
a) x|l>n:oo( X_3) b) xI—I>Too( 2);:1 )
Quy tic I’Hospital

Pinh 1y. Gia sir
(i)  Céac ham s6 f(x), g(x) xac dinh trén khoang (xo,b];
(i)  lim f(x)= lim g(x)=0 (hay lim f(x) = lim g(x) =x);
X—>Xg X—=Xg X—Xg X—>Xg
(iii)  Trén (X,b] ton tai cdc dao ham hiru han £'(x), g’(x) va g’(x) # 0

(iv) Tdn tai giéi han 1im L&) _
x—xg 9'(¥)
f(x)_

lim = lim P
e g(x) i g (x)

Khi do :

Chuy:
- Trong dinh 1y trén X, ¢ thé 1a s6 hitu han hodc —oo. Ngoai ra, dinh 1i van ding cho
truong hop hai ham sb f(x), g(x) xac dinh trén khoang [a, X3) VA Xo 1a s hitu han

hoac +00.
- Quy tic L’ Hospital chi 4p dung duoc cho hai dang vo dinh % : ; . Cac dang v6 dinh

khac phai bién doi, dua vé hai dang nay, sau d6 méi ap dung quy tic.
Cu thé :



v Pi véi dang 0.00: Gia str ta can tinh [Im ()90 trong d6 lim f(x) =0

X— X, X— X,

va lim 900 =c. Khi do ta viét f(0.9() = (’(‘))
X=X,

g(x)

(dua vé dang )

hoac f(x).g(x)= (dua vé dang —)

1 (%)
v D6i véi dang o — oo : Gia st ta can tinh |jm (f(X) —9(X))trong do6
X— X,
lim f)=wva liIm 9(x)=o,
X—> X, X—> X,
11 1Uf(0)-1/g(¥

Khi d6 ta viét f(x)-g(x)=

VT g Uf(xgy & s chuyen

0

duoc vé gi61 han dang 6

, , - X
v' Béi véi dang 0% oo 1% : Gia st ta can tinh Iim [f (X)]g( ) va giGi han ¢o
X—> X,

mdt trong 3 dang trén. Khi do, dat y = [f()]°®. Ta c6 Iny = g(x).Inf(x). Tim
lim Iny.Néu |lim Iny=a thisuyra |lim y=¢€*

X—> X, X—> X, X—> X,

Vi duy 5. Str dung quy tac L’ Hospital dé tim gi6i han sau

2) “ In x b) Iim 1 B 1
07" Insin x X—>0 arctan x X2

. Incosx

Im 1 In x Yo A

©) XI_)O (L+%) d) il_r)noln COS3X

CHUONG 2: DAO HAM VA VI PHAN
. BANG DPAO HAM CO BAN

(X"‘) (ax)lzaxlna (ex = ¢
(

] NN
| Inx) =— =
0g, X) = Ina (Inx) - (sinx) = cos x
. 1
(cos x) =—sin x (tg x) = 7 (cotg x) = “ainx
arcsin x) = =
( ) — (arotgx) =



2. CAC QUY TAC TiNH PAO HAM

(U+v) =u +Vv (u—y)' :Iu'—v" (c-u) =c-u
(uv) =u'v+uv (%) = uvv;zuv

Pao ham cia ham hop

Néu y = y(u), u=u(x) thi y=y[u(x)] 1a ham hop cta x. Khi d6 Y, =Y, - U,

Bang dao ham cua ham hop

(Ua)' =a-u*'u (a“)' =a'lna-u (e”) =g °U|
. | Cu .
| = Inu) =— i _u
(log, u) - (Inu) ; (sinu) =u cosu
=—u'si tgu) = otgu) =—
(cosu) =-u'sinu (tgu) o571 (cotg u) SinZa
] C u . u' ' B ul
=
Vi du 1. Tinh dao ham cua cac ham sb sau day
a) y = (x° - 3x+1)e; b) y =In(sin x —2cosx)
c) y= e2cosx—x3; d) y=sin(3Inx -2%)

e) y=tg(x* -3x); f) y=arctg(e®* +1)

Vi du 2. Tinh dao ham cua cac ham sb sau day
1
a) y = (sin x)* b) y = (cosx)5" X ¢) y=(1+x)X

3. DAO HAM CAP CAO
a) Pao ham cap hai y = (Y)

b) Pao ham cip n bat ki: y(M = (y(”—l))

Quy worc : y(°)= y
Vi du 3. Tinh dao ham cap hai ctia cac ham sé sau day

a)y=coszx b)y:ln(x+x/a+x2) c)y=(x2+x—3)ex;
d) y =In(cosx + 2sin x) e) y = arctan(e’) f) y=xe¥+ x5

Vi du 4. Tinh dao ham cép n cua cic ham sb sau day

a) y=e* b) y =sinx C) y = cosx



.3. VI PHAN
1. VI PHAN CAP 1
Néu ham sé y=f(x) c6 dao ham y’(x) thi biéu thuc y’(X)dx duoc goi 1a vi phan cua
ham s6 d6 va ky hiéu 1a dy hay df. Nhu vy :
dy=ydx hay dy=f(x)dx

2. VI PHAN CAP HAI
Vi phan cta vi phan cap mot duge goi 13 vi phan cap hai, ki hiéu d?y, va dugc tinh boi
cong thuce

d*(y) = d(dy) = y"dx*
Vi du 1. Tinh vi phan cia cac ham s6 sau day
a) y=In(x*+x+1) b) y=ve+x3 c) y =sin(in x +2%)
Vi dy 2. Tinh vi phan cip hai ctia cac ham s6 sau day

a) y =In(sin x — cosx) b) y = 5% c)

y = arctan(e’)

PHAN II: DAI SO TUYEN TiNH
CHUONG 1: MA TRAN VA DINH THUPC. (10 TIET)

I.1. MA TRAN
I. KHAI NIEM

I.1. Ma tran cfip m x n: m, n 1 hai sé tu nhién. M6t ma tran cép m x n la mgt bang
gdm m x n s6, ky hiéu a;;, duge sap xép thanh m dong va n cot dudi dang

all a12 aln
a a weooa
A = 21 22 2N
_aml am2 aas amn_

a;j 1a phan tir & dong i va cot j clia ma tran A; i 14 chi s6 dong, j 1a chi sb cot ctia phan
tir a;; d6. Nguoi ta thudng viét tat ma tran & dang A = [aj]mn

I.2. Ma tran bang nhau : Hai ma trin duoc goi 1 bang nhau néu :

- chling c6 cung cap

- cac phan tir tvong tmg déu bang nhau

1.3. Ma tran chuyén vj

Cho ma tran A = [@jj]m«n. Ma tran thu dugc tir A bﬁng cach viét cac dong cua A lan
luot thanh cac cot duge goi 1a ma tran chuyén vi ctia A va ki hiéu 1a A" Khi d6 A" 1a

ma tran cap n x m.



Vidu Cho ma tran A — 1 -2 3| Théthi t
= A
4 0 2

Hién nhién ta c6 (AN = A.
Il. CAC LOAI MA TRAN

I1.1. Ma trin vudng : 13 ma tran c6 s6 dong m bang s6 cot n, khi d6 thay vi néi ma
tran cap N x N ta chi n6i 6 1a ma tran vudng cép n.

Vidu g _ 13
5 7

} 1a ma tran vuong cap hai.

Trong ma trin vudng cap N, ngudi ta goi cac phan tir &1, @22,..., 8nn 1a cic phan
tir thuoc duong chéo chinh cua ma tran.

I1.2. Ma trin tam gidc : 1a ma trdn vudng co tit ca cac phan tr nam phia duéi, hoic
tat ca cac phan tir nam phia trén dudng chéo chinh déu bang 0.

14 1 0 O O \ 14 A L4
Vidu 1 2 3 la cac ma tran tam giac.
2 300
C=|0 4 5|,D=
4 56 0
0 0 6
7 8 9 10

11.3. Ma tran chéo: 1a ma tran vuong cé tat ca cac phan tor nam ngoai duong chéo
chinh déu bang 0.

Vidu7.
E =

1a ma tran chéo.

o O -
o N O
w O O

11.4. Ma trin don vi : 1a ma trdn chéo c6 tit ca cac phan tir thuoc duong chéo chinh
déu bang 1. Ma tran don vi cap n ki hiéu 1a I,.

1 0 0., . .
Vi du 1 0 lan luot 1a cac ma tran don vi cap 2, cap 3.
I, = JI3=/0 1 0
01
0 01

11.5. Ma tran cgt: 1a ma tran chi c6 mot cot.
11.6. Ma tran dong: 1a ma tran chi c6 mot dong.
11.7. Ma tran-khong: 1 ma trin c6 tat ca cic phan tir déu bang 0. Ma tran-khong cip

m x n ki hiéu 13 Oy



11.8. Ma tran bac thang: 1a ma tran thoa man hai diéu kién sau day

- dong co tat ca cac phan tir déu bang 0 (néu co) nam phia dudi dong c6 phan tir khac
0;

- phan tir khac 0 ddu tién (tinh tir trai sang phai) cuia mdi dong dudi ndm bén phai so
v6i phan tir khac 0 dau tién cta dong trén.

1 2 3 4 5 10000
Vi du. 06 7 8 9 la cdc ma tran bac thang.
M = ,N=|/0 0 2 3 O
0 0 10 11 12
0O 00 0 4
00 0 0 O

III. CAC PHEP TOAN TREN MA TRAN
I11.1. Tong (hiéu) hai ma trin cung cip

Téng hai ma trdn cing cip A = I:aij :I B = I:bij :I la mot ma tran
mxn mxn

cung cip C = [Cij] trong do Cij = &j + bij

mxn
Ky hiéu C = A + B.

Hiéu hai ma tran cung ca _ _ [a mot ma tran cun
¥ A cung eap A_[aij:lmxn’B_[bij]mxn ? HEHne

cap D = [dij :|m><n trong d6 dij = ajj — bij'

Ky hieu D =A-B.
Vidl.l.ChohaimatrémA_[l —2 3} B:{—3 2 0}.

4 0 2 5 6 7
: 4 -4 3
£ thi 2 0 3], p=4a-
Theth1C:A+B:[ 2 0 9}, p=4a-B|g _¢

Ch0 y. Hai ma tran chi cong, trir duoc véi nhau khi chiing ¢ cung cép.

[11.2. Tich ctia ma tran véi mot so

Cho s0 o va ma tran A — |:aij :l . Tich cua a v61 ma tran A 1a ma tran
mxn

B = |:bij:| cung cip voi A trong d6 bij = aajj (ndi cach khéac, B thu duogc tur A

bang cach nhan moi phan tir ciia A véi )
Ki hiéu B = cA.



Vidu. Cho matran  _ 1 -2 3 ,a:Z’ThéthiB=2A: 2 46|
4 0 2 8 0 4

2 -3 1 5 4 -1
Vidu. Chohaimatran A={8 5 -4|,B=|0 6 2 |.Timcac ma tran sau:
3 0 2 5 7 9

a) 3A b) - 4B c) 2A + 3B d) - 4A + 2B

I11.3. Tich cta hai ma tran

Cho hai ma tran — | a. — . . Tich cia ma tran A v&i ma tran
A= |:a|p:|m><k B = I:bpj :|k><n . '

Blamatrdn C — [Cij ] cap m x n trong d6 phan tir ¢;; dugc tinh theo cong thire
mxn

k
Gij = 2 @ipbpj’

Ki hiéu C = AB.

Vi du. Cho hai ma tran 1 -2 3 21 i’ :
la 0 2 |
4

Thé thi ~ _ 141 @2 | 1amatran vudng cap hai. Ta tinh cac phan tir ctia C.
C=AB=
Ca1 C22

Taco
C1=12+(-2).(-)+34=16 ¢, =13+(-2).1+32=7
Cp=42+0.(-1)+24=16 ¢, =43+01+22=16

V@yC: 16 7 |
16 16

Vi du. Thuc hién phép nhan hai ma trn sau day:
2 5

2 -3 5 2 4 -3
. 1 3.
I A 0|13
Chay

- Hai ma tran chi nhan dugc véi nhau khi s6 ¢t ciia ma tran thir nhat bang s6 dong
cua ma tran thir hai.



- Mudn tim phén tr & dong i, cot j ctia ma tran tich C = AB, ta nhan cic phan tir &
dong i ctia ma tran A lan lugt véi cac phan tir & ¢t j ctia ma tran B rdi cong cac tich
do lai.

- Phép nhan hai ma tran khong c6 tinh chat giao hoan (n6i chung 1a AB =BA, tham
chi c6 khi t6n tai AB nhung khong ton tai BA).

Vi du : Thyc hi¢n cac phép toan sau

BRI P M TN M

2 37

t _
C)5_4{—410} g1 2] [13] [2 5
1 | L3 5 3 5(-1 0|-3[0 3|+2/6 7
4 2| |-3 -2

§2. PINH THUC

I. KHAI NIEM

I.1. Dinh thirc cAp mot: 1a dinh thirc ctia ma trin vuong cip mot A =[ay ], ky
hi¢u detA hay |A|, dugc tinh nhu sau :

det A = |all| = ays.
Vidul. A =[4],detA = 4;B =[-3],detB = -3

1.2. Dinh thirc Cf,lp hai: cho ma tran vuong cép hai A~ {all a2 } Dinh thic cua
a1 azp

A, goi 1a dinh thuc cap 2, ky hiéu detA hay |A|, 1a s6 duogc tinh theo cong thirc:

Q1 M2

p1 Aapp

det A = = a;1800 — 80182

Vidu 2.

2 3
A= , JetA=27-43=2
4 7

3 4
= (-3)2-54=-26
5 2



I.3. Pinh thirc cip ba: cho ma tran vudng cip ba 41 32 A3 | Pinh thic
A=|ay ayp a3

d31 dz2 d33
ctia A, goi 1a dinh thtrc cip 3, ky hiéu det A hay |A|, 1a sé dugc tinh theo cong thic:

&1 o 93

dqqdooday + dqodoqda + dyado1dyy —
det A = y] Ay Apg|= 11922933 12923931 13921932

—ag1dppdy3 — Agpdp3dy) — d33dp1dy)

d3) dzp ds3
Vidu 3.
2 -1 3
0 1 ol 2L1+(D2(-3+302-
—(=3).1.3-222-10.(-1) =9
5, g (D
Vi du 4. Tinh céc dinh thtrc sau
a)|s5 -3 2 1 =
‘;b)l 2 3
4 2
0 -3 4

II. CAC TINH CHAT
Pinh thirc cap bat Ki c6 cac tinh chat sau diy.

1. det A = det Al (Hai ma trgn chuyén vi c¢é dinh thirc bang nhau).

. 1 2 1 3
Vidus. o — det
3 4 2 4

2. Dinh thivc cé mét dong gom toan soé 0 thi bang 0.

Vidue. |1 2 3
0 0 0[=0
4 5 6
3. Dinh thirc cé hai dong giong nhau hodc ti 1¢ véi nhau thi bing 0.
Vidu7. |1 % 3
2 4 6|=0
-1 2 -4

4. Néu nhin mot dong véi mét sé o thi dinh thice ciing dwoc nhin lén véi a. Suy
ra: nhin tir chung ciia mét dong cé thé dem ra ngodi dinh thirc.
2 4 10 1 25
1 3 2(=2|1 3 2
-2 0 1 -2 0 1

5. Néu doi ché hai dong bét ki thi dinh thirc doi déu.

Vi du 8.

10



Vidu 9.

1 2 3 4

3 4‘ B _‘1 2‘

6. Dinh thirc khéng hay doi néu céng cdc phin tir ciia mét dong véi cdc phin tiv
twong teng ciia dong khdc da dwoc nhin véi cing mot sé
(Pinh thirc khéng hay déi, néu thay mét dong béi tong ciia dong dé véi bji
cua mt dong khdc)

1 2 3] 1 2 3 1 2 3

2 0 -1=0 4 -7|=0 4 -7

-3 2 3| |0 8 120 [0 0 -2

7. Dinh thirc ciia ma trgn tam gidc bang tich cdic phan tir thudc duong chéo
chinh.

Vidu9.

vigwio [t 2 3 2 0 0
0O 4 5/=1.46; |3 4 0|=247
O 0 6 6 0 7

8. Cdc tinh chdt trén vin diing khi thay chir “dong” béi chiv “cot”.

III. TINH PINH THUC BANG CAC PHEP BIEN POI SO CAP TREN MA
TRAN
Str dung cac tinh chét trén, ta c6 thé tinh duoc mot dinh thire cép cao béng cach bién
d6i dé dua nod vé dinh thirc tam gidc. Mudn thé, ta sir dung cac phép bién d6i sau day:

- Dbi ché hai dong tuy ¥ ciia ma trdn.

- Nhdn tdt cd cdc phan tir cia mét dong véi mét sé khac 0.

- Céng vao mét dong cdc phan tir twong g cia dong khdc da dwoc nhdn voi

ciing mot so.
Céc phép bién doi nay goi la phép bién doi so cap dong. Tuong ty, thay chit “dong”
boi chir “cot”, ta co cac phép bién dbi so cip cot. Nhitng phép bién d6i so cap dong
va cot goi chung 13 phép bién ddi so cap trén ma tran.
1 2 3 1 2 3 1 2 3

Viduy 11.
2 0 -1=0 -4 —7|=|0 -4 —7|=
3 2 3| |o 8 12| o 0 -2

Vi dy 12.

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

2 3 4 1:O -1 -2 -7 :0 -1 -2 —7:O -1 -2 _7:160

3 4 1 2 0O -2 -8 -10 O 0 -4 4 O 0 -4 4

4 1 2 3 0O -7 -10 -13 O 0 4 36 0O 0O O 40

11



Vi du 13. Tinh dinh thirc ctia ma tran

[t 2-2 3
A"234—1
3 2 1 2
1 -1-3 3

1 2 -2 3 1 2 -2 3 1 2 -2 3
2 3 4 -1 0 -1 8 -7 0 -1 8 -7
3 2 1 2 0 -4 7 7 0O 0 -2 21
1 -1-3 3 0 -3-1 0 0 0-25 21
Vi du 14. Hay tinh cac dinh thirc sau

2 -1 31 11 1 1
s |22 1 020 1111
a) , b)3 2 1];¢) ; d)
-3 6 3 1 0 2 1 1 -1 1
2 3 1
2 1 0 3 11 1 -1
§3. MA TRAN NGHICH PAO

I. KHAI NIEM

Dinh nghia: Cho A = |:ai j :l 12 ma tran vudng cdp n. Ma tran B thoa man
nxn

diéu kién AB = BA = |, dugc go1 1a ma tran nghich ddo cia A va ki hi€ula B = Al

Cha y: NéuB=A" thi B'=A. Do d6 ta con néi A va B 1a cac ma tran nghich dao

cua nhau.
Dinh nghia: Néu ma trdn A c¢6 ma tran nghich ddo A™ thi ta n6i A 1a ma tran kha

nghich, hay kha déo.

1. PIEU KIEN KHA NGHICH
Dinh Iy I: Ma tran vudng A kha nghich, néu va chi néu detA=0. Khi do :

ALl _ de]f X P}\, v6i Pa= [Aj] (goi la ma tran phy hop cta A).
Vidul Matran p _ L 2\ yha nghich vi detA=1#0.
1 3
Vi du 2. Cac ma tran sau day c6 kha nghich khong?
2 3 -1
3 2
a) ;b)) -4 1 2
-1 4
-2 4 1

12



Vi du 3. Tim a dé ma tran kha nghich.

A=

o R B
N O
R P O

III. PHUONG PHAP TiM MA TRAN NGHICH PAO
Str dung dinh 1y 1
Pé tim ma tran nghich ddo ctia ma tran vuong A, ta can:
e Tinh detA
- Néu detA = 0 thi két luan ma tran A khong kha nghich.
- Néu detA # 0 thi két luan A kha nghich va chuyén sang budc 2.
e Tinh phan bu dai sd cua tat ca cac phan tir a; € A.
e Lap ma tran phu hop tlr cic phan bu dai s6 thu duogc Pa= [A;].

) A ' S | t
e Lap ma tran nghich dao A = Jet A PA'
Vi du 4. Tim ma tran nghich ddo cia ma tran A = 1 2]
1 3
Taco
detA=LA1=3Ar=-"1A1=-2A»=1
3 -1 1 43 T [3 -2
= PA: = A = = =
-2 1 1l—2 1 -1 1
Vi du 5. Tim ma tran nghich ddo cia ma tran 1 2 -1
A=|2 3 -2
3 1 3
Taco
detA=—6;A =11 A, =12 A3 =7, Ay =7,
Aoy =6,Ag3 =5 A =—1, A3 =0, Ag3 = -1,
t |11 7 1
11 -12 -7 11 -12 -7 6 6 6
= Py=|-7 6 5| =A'=1ll7 6 5|=/2 -10
-1 0 -1 -1 0 -1 7 51
6 6 6

Vi du 7. Tim ma tran nghich dao ciia cac ma tran sau day bang phuwong phap dinh
thirc

o - K
N B e
=)

a1t 2 b=
a) {3 5}’ )B =

13



§4. HANG CUA MA TRAN

I. KHAI NIEM
I.1. Pinh thirc con
I.2. Hang ciia ma tran: Ta n6i hang cia ma tran A 1a p néu trong A c6 mét dinh thirc
con khéc 0 cip p va cac dinh thirc con cdp cao hon p déu bang 0.
Khi d6 ta viét rank (A) = p hoic r(A) = p.
Nhu vay, hang ctia ma tran 14 cap cao nhat cta dinh thirc con khac 0 caa né.
Tt dinh nghia trén ta suy ra :
v Hang ctia mot ma tran khong thé vuot qua $6 dong va s6 cOt clia ma tran.
v" Khi A 1a ma tran vudng va detA # 0 thi r(A) bang chinh cap cta A.
II. TINH CHAT
1. Hang cia ma tran bac thang bang s6 dong ¢ phan tir khac 0 ctia no.
2. Moi phép bién ddi so cip khong 1am thay d6i hang ctia ma tréan.
3. r(A) = r(A)
Tir hai tinh chat dau, ta ¢6 phuong phéap tim hang ctia ma tran:
Pé tim hang ciia mot ma tran, ta bién do6i n6 thanh ma tran bac thang dong va ap dung
cac tinh chat dé két luan.

1 2 3 4
Vidu 2. Tim hang ctia ma tran A=l5 6 7 8
9 10 11 12
Ta bién d6i ma tran di cho thanh ma tran bac thang:
1 2 3 4 1 2 3 4 1 2 3 4

A=|5 6 7 8|—>|0 4 8 -12|>|0 4 -8 -12|=A
9 10 11 12 0 8 -16 -24 0O 0 0 O
A’ 1a ma tran bac thang.
Theo tinh cht 2, ta c6 rank (A) = rank(A";
Theo tinh chét 1 ta lai c6 rank (A") = 2.Vay rank (A) = 2.

(1 1 3 3
Vi du 3. Tim hang cia ma tran 3 2 8 g | theo tham s6 m.
C =
3 2 8 m+3
2 15 m |

Ta bién d6i C thanh ma tran bac thang:
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Tae rc) =r(c) ={

1

0
0
0

1
-1
-1
-1

3
-1
-1
-1

Vi du 4. Tim hang cua cac ma trén sau day:

1 3
2 5
a)
1 1
|2 -6
1.1. Tinh
3 -4 2
a) 55 0 7
6 3 3

—2
—2
6
8

1

3 1 1 3 3
-1 0 -1 -1 -1
— =C'
m-—6 0O O 0O m-5
m-6| |0 0 O 0
2 khi m=5
3 khi m=5
1] [1 -2 3] [3 m
1 3 4 0 6 2m
,b) ,C)

13 2 1 -1 9 3m
10| |3 1 2| |15 5m
BAI TAP CHUONG I
2 4 7 2 1 77
38 6 |; b) 4/14 3 3
1 5 -2 1 0 4

1.2. Thyc hién phép toan sau day dbi véi cac ma tran

a) {4 -2

3 4

3 5 }‘
J’_
4

i

2 1) 0 { H

3
1.3. Tinh: a) F’ ‘2} :
1 4

1 7

1.4. Tinh dinh thtc cap ba sau day:

a)

2
2 -1 2
b)l 3 1 o
3 2 4
2 3 4 2 1 -2
4 -2 5; b1 2 3
2 4 3 0 -3 4

1.5. Tim ma tran nghich ddo cta cic ma tran sau day (néu c6)

a)A_{

1 2 0
2 3 -1
0 4 3

-1 3 2 1 -1 1
. pB=|1 2 45 ©1 o 3
3 1 3 2 1 -2

1.6. Tim hang cia cac ma tran sau day:

1 2 31 1 -1 4
-2 -3 4 2 2 3 5
a) ; b)
0 1 3 5 1 4 m
3 2 4 8 -2 8 a
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CHUONG II
HE PHUONG TRINH TUYEN TiNH
§1. HE PHUONG TRINH TUYEN TiNH

I. KHAI NIEM

I.1. Hé phwong trinh tuyén tinh: 13 hé phuong trinh ¢ dang

[ ayX + 3gpXy + .+ 3 X, =y
Ap1X + Ao Xy +... + Ao Xy = b2 (1)

trong d6 ajj, bj 1a cac s6 cho trudc, Xj 1a cac ansd(i=12 ...m;j=12 .., n
Trong hé (1) ta thdy c6 m phuong trinh va n an sb.

bat 5 _ [a__ } go1 la ma tran céc hé sé cua an,
1
mxn

= b 0i 12 ma tran cac hé sb tu do,
B=b] , & : 50 L

X = [X- ] goi 1a ma trin cac an so.
I Inx1

Khi d6 hé phuong trinh (1) duoc viét & dang ma tréan :
AX=B (2)

I1. PIEU KIEN CO NGHIEM CUA HE PHUONG TRINH
biat A = [ A| B], goi 1a ma tran mé rong cua hé phuong trinh (1), thu dugc béng
cach viét thém ma tran B vao bén phai ma tran A.
Dinh Iy 1: Hé phwong trinh (1) c6 nghiém néu va chi néu r(4) = r(A).
Vi du. Xét hé phuong trinh. | X + 2% —3x3 = -1
2X1 + 3X2 + X3 =11
Ta c6 ma tran mo rong;:
1 2 -3-1 1 2 -3-1
[AB]= — =[ A'B']
2 3 111 0O -1 7113
Suy ra
r(A) =r(A)=2r(A) =r(A|B) =2.
Vay r(A) = r(Z\) => H¢ phuong trinh c6 nghié¢m.
Vi du. H¢ phuong trinh sau day c6 nghiém hay khong?
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(X1+2X2—2X3 =1

X1 + Xo —2X2 +3%X4, =1
L2 3 4 2% + 3%y —4X3 =1

a 33Xy —Xo + X2 — X4 =2 b
) 1- 7274 )ﬁ—x1+2x2+x3:1

2X1 — 2X2 +3X3 —4X4 =3

L X1+X2—2X3=O

L

Giai : Ta tim hang cua cac ma tran tuong Uing.

a)
1 1 -2 31 1 1 -2 3|1
[AB]=13 -1 1 -12|—>|0 -4 7 -10 -1
2 -2 3 -43 0 -4 7 -10 1

1 1 -2 31
> |0 -4 7 -10 -1|=[A
0 0 0 0] 2
Taco r(A) = r(A) = 2;r(A) = r(A’

Suyra r(A)=r(A).
Vay h¢ phuong trinh da cho v6 nghiém.

B

B =3

b)
1 02 211 1 2 =211 1 2 =2/1]

2 3 —4)1 0 -1 01 0 -1 0]-1 .
LAB]= - - =[AB]
12 11 0 4 -1|2 0 0 -1]/-2
1 1 -20] [0 -1 O]-1] [0 O 00|

Taco r(A)=rd") =3, r(A)=r(4’| B’) =3.Suy rar(A) = r(A)
Vay hé phuong trinh c6 nghiém.
Vi du. H¢ phuong trinh sau day c6 nghiém hay khong?

X1+3X2 +5X3—2X4 =3

2X1+7X2 +3X3+X4 =5

X1+5X2 —9X3 +8X4 =1

I11. SO NGHIEM CUA HE PHUONG TRINH
Dinh Iy 2: Gia str hé phuong trinh (1) ¢6 nghiém, nghia 1 r(A) = r(A) = k.
Khi d6 c6 hai trudng hop sau day c6 thé xay ra.
a) r(A) = r(A) =k = n (s6 an ciia hé phirong trinh)
Trong truwong hop nay hé phiwong trinh ¢é 1 nghiém duy nhdt.
b) r(A) = r(A) =k <n.
Trong truong hop nay hé phirong trinh c¢é vé sé nghiém.
17



IV. PHUONG PHAP GIAI HE PHUONG TRINH TUYEN TiNH (Phuwong
phap Gauss)
Pé giai hé phuong trinh tuyén tinh ta thyc hién nhu sau :
Bude 1 : Kiém tra diéu kién cé nghiém
Lap ma trin bc thang A = [A| B], dua n6 vé dang bac thang dong va kiém tra diéu
kién c6 nghiém.
- néur(A) = r(A) : két luan hé vo nghiém
- néur(A) = r(A) : két luan hé c6 nghiém. Chuyén sang budc 2.
Budce 2 : Tim nghiém
- néu r(A) = r(A) = n (sb 4n) : hé phuong trinh ¢6 1 nghiém. Can cir vao ma trdn
bac thang thu dugc & budc 1, ta 1ap hé phuong trinh madi va giai ngugc tu duéi
lén dé tim céc an sb.
- néur(A) = r(A) = k < n : hé phuong trinh ¢ v6 s6 nghiém.
Trong khdi bén trai ciia ma tran bac thang thu dugc ¢ budc 1 chon ra mot dinh
thire con khac 0 cip k. k an s tuong tmg véi cac cot caa dinh thirc nay duoc
goi 13 cac an chinh cta hé phuong trinh, con lai n - k an duoc goi 1a an ty do.
Tir ma trin bac thang d6 ta ciing 1ap hé phuong trinh méi va chuyén an ty do
sang vé phai. Sau d6 giai nguoc tir dudi 1én dé tim cac an chinh.
Nghiém tim dugc goi 1a nghiém tong quat ctia hé phuong trinh. Cho an tu do
cac gia tri tuy ¥ ta thu dugc tap hop tat ca cac nghiém cia hé.
Vi du. Giai h¢ phuong trinh
X+ 2%y, —2%3 =1
2% +3Xy —4xg =1
—X + 2% + X3 =1

X+ X —2X%3=0
Vi du. Giai h¢ phuong trinh sau

2% — Xp +5X3 +7%X4 =1
4% —2X9 + TX3 +5%4 = -1

| 2% — Xp + X3 —9Xg =3

Vi du. Giai va bién luan h¢ phuong trinh sau theo tham s6 m
X+2y—zZ+t=m
2X+5y—-2z+2t =2m+1
3X+7y—-32+3t=1
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